Rules for integrands of the form (fx)" (d + ex"™%) (ax9+bx" + cx>"9)P

1:J}m(A+meﬂ (ax?+bx"+cx*"9)Pdx whenpez

Rule: If p € Z, then

J}m(A+meq)(axq+bx"+cx2“ﬂpdx-a J}mpq(A+Bx”q)(a+bxmq+cx2m”wpdx

Program code:

Int[Xx_Am_.x (A_+B_.*X_"r_.) * (a_.*X_"q_.+b_.#x_"n_.+c_.*x_"j_.)"p_.,x_Symbol] :=
Int[x" (m+p*q) * (A+BxX” (n-q) ) * (a+b*x”" (n-q) +c*x" (2% (n-q) ) ) *p,x] /;
FreeQ[{a,b,c,A,B,m,n,q},x] & EqQ[r,n-q] && EqQ[j,z*n—q] && IntegerQ[p] && PosQ[n-q]



Rules for integrands of the form (f x)~"m (d+e x”~(n-q)) (a x~g+b x~n+c x~(2 n-q))"\p

2. fx"' (A+Bx"9) (axI+bx"+cx*"9)Pdx whenp¢z A b>-4ac#@ A nez*

1: Jxm (A+Bx"%) (axd+bx"+cx*"9)Pdx whenp¢zZ A b>-4ac#@ ANEZ*AP>@AM+pqs-(N-q) AM+pq+1#@ Am+pq+ (n-q) (2p+1) +1#80

Derivation: Generalized trinomial recurrence 1a

Rule:lf p¢Z Ab>-4ac+@ ANeZ*Ap>0 A , then
m+pq<-(n-q) Am+pgq+1+0 Am+pq+ (n-q) (2p+1) +1+80
jx"‘ (A+Bx"‘q) (axq+bx"+cx2“‘q)pdlx—>

((x™* (A(m+pg+ (n-q) (2p+1) +1) +B (m+pq+1) x"9) (axT+bx"+cx*"9)P) /((m+pq+1) (m+pq+ (n-q) (2p+1) +1))) +
(n-q) p '
(M+pq+1) (M+pq+ (n-q) (2p+1) +1)
Jx'“"" (2aB(m+pq+1) -Ab (m+pq+ (n-q) (2p+1) +1) + (bB(M+pq+1) -2Ac (m+pqg+ (n-q) (2p+1) +1)) x"9) (axq+bx"+cx2"-q)"‘1cﬂx

Program code:

Int[Xx_Am_.x (A_+B_.*X_"r_.) * (a_.*X_"q_.+b_.#x_"n_.+c_.*x_"j_.)"p_.,x_Symbol] :=
XN (m+1) * (Ax (M+p*q+ (N-q) * (2%p+1) +1) +Bx (M+p*xq+1) *X”* (N-q) ) * (a*X*q+b*X*n+Cc*x”* (2xn-q) ) *p/ ((M+p*q+1) * (M+p*q+ (N-q) * (2xp+1) +1)) +
(n-q) *p/ ( (M+p*xq+1) * (M+p*q+ (N-q) *» (2xp+1) +1) ) *
Int[x” (n+m) *
Simp[2xaxBx (M+pxq+1) ~Axbx (m+pxq+ (N-q) * (2%p+1) +1) + (bxBx (M+p*q+1) -2xAxC* (M+pxq+ (nN—-q) * (2%p+1) +1) ) *Xx* (n-q) ,X] *
(a#X"q+bax"n+cxx” (24n-q) ) ~ (p-1) ,x] /;
FreeQ[{a,b,c,A,B},x] && EqQ[r,n-q] && EqQ[j,Z*n—q] &8& Not[IntegerQ[p]] && NeQ[b”"2-4xaxc,0] && IGtQ[n,0] && GtQ[p,0] &&
RationalQ[m,q] && LeQ[m+pxq,-(n-q)] && NeQ[m+pxq+1,0] & & NeQ[m+pxq+ (n-q) * (2xp+1) +1,0]

Int[x_Am_.x (A_+B_.*X_"r_.)*(a_.*X_"q_.+C_.*X_"j_.) p_.,x_Symbol] :=
With[{n=q+r},
XM (M+1) % (Ax (M+pxq+ (N-q) * (2*p+1) +1) +B* (M+p*q+1) *X* (N-q) ) * (a*X*q+C*X" (2%n-q) ) *p/ ( (M+p*q+1) * (M+p*q+ (N-q) *» (2*xp+1) +1)) +
2% (n-q) *p/ ((M+p*xq+1) * (M+p*q+ (N-q) * (2*xp+1) +1) ) *
Int[x"(n+m) *Simp [axBx (M+p*q+1) ~-A*xC* (Mm+pxq+ (N-q) * (2%p+1) +1) *X~ (n-q) ,X] * (A*X*q+C*X” (2xn-q) ) * (p-1) ,x] /5
EqQ[j,2#n-q] && IGtQ[n,0] && LeQ[m+pxq,-(n-q)] && NeQ[m+p+q+1,0] & NeQ[m+p#q+(n-q)« (2+p+1)+1,8]1] /;
FreeQ[{a,c,A,B},x] && Not[IntegerQ[p]] && RationalQ[m,p,q] && GtQ[p,0]



Rules for integrands of the form (f x)~"m (d+e x”~(n-q)) (a x~g+b x~n+c x~(2 n-q))"\p

2: Jx"‘ (A+Bx"%) (ax?+bx"+cx*"9)Pdx whenp¢z A b>-4ac#@ Anez*Ap<-1Am+pg>n-q-1

Derivation: Generalized trinomial recurrence 2a
Rule:lf pgz Ab?-4ac+@AnezZ Ap<-1Am+pqg>n-q-1,then

jx'" (A+Bx"‘q) (axq+bx"+cx2"‘q)Pd1x —

x""1 (Ab-2aB- (bB-2Ac) x"9) (ax“+bx"+cx2““‘)ID+1 1

+

(n-q) (p+1) (b*-4ac) (n-q) (p+1) (b*-4ac)

J}W"(m+pq-n+q+1)(2aB-Ab)+(m+pq+2(n-q)(p+1)+1)(bB-zAc)x“ﬂ @xq+bx"+cx“ﬂ)“1dx

Program code:

Int[Xx_Am_.x (A_+B_.*X_"r_.) * (a_.*X_"q_.+b_.#x_"n_.+c_.*x_"j_.)"p_.,x_Symbol] :=
X~ (m-n+1) * (Axb-2xaxB- (bxB-2xAxc) *x" (n-q) ) * (a*x*g+b*x*n+c*x” (2xn-q) ) * (p+1) / ((n-q) * (p+1) * (b*2-4xaxc)) +
1/ ((n-q) * (p+1) * (b*2-4%axc) ) *
Int[x" (m-n)*
Simp[ (m+p*g-n+q+1) x (2xa*B-Axb) + (m+p*xq+2x (n-q) *» (p+1) +1) * (bxB-2xAxC) *x” (n-q) ,X] *
(a*X"q+b*x n+c*x” (2%n-q) ) ~ (p+1) ,x] /;

FreeQ[{a,b,c,A,B},x] && EqQ[r,n-q] && EqQ[j,2#n-q] && Not[IntegerQ[p]] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && LtQ[p,-1] &&
RationalQ[m,q] && GtQ[m+p*q,n-q-1]

Int[x_Am_.x (A_+B_.*X_"r_.)(a_.*X_"q_.+C_.#X_"j_.) p_.,x_Symbol] :=
With[{n=q+r},

XM (M-n+1) * (a*B-AxC*X”™ (n-q) ) * (a*X*q+C*X" (2xn-q) ) * (p+1) / (2*a*C* (n-q) » (p+1)) -
1/ (2%axc* (n-q) * (p+1) ) *

Int[x" (m-n) «Simp[aBx (M+p*q-n+q+1) -AxCx (M+pxq+ (N-q) *2% (P+1) +1) +X" (N-q) ,X] * (A*X"q+C*X" (2xn-q) ) * (P+1) ,X] /5
EqQ[j,2+n-q] & IGtQ[n,0] && m+pxq>n-q-1] /;

FreeQ[{a,c,A,B},x] && Not[IntegerQ[p]] && RationalQ[m,q] && LtQ[p,-1]



Rules for integrands of the form (f x)~"m (d+e x”~(n-q)) (a x~g+b x~n+c x~(2 n-q))"\p

jx’" (A+Bx"9) (axd+bx"+cx*"9)Pdx whenp¢zZ A b>-4ac#@ ANeZ*Ap>@ Am+pq>-(n-q) -1 Am+p(2n-q) +1#@0 Am+pq+ (n-q) (2p+1) +1+0

Derivation: Generalized trinomial recurrence 1b

Rule:if p¢Z Ab>-4ac+@ AnezZ"Ap>0Am+pg>-(n-q) -1 A ,then
m+p (2n-q) +1+0 Am+pq+ (n-q) (2p+1) +1+0
jx'" (A+Bx™9) (ax?+bx"+cx*"9)Pax —
((x™* (bB(n-q)p+Ac(m+pqg+ (n-q) (2p+1) +1) +Bc (m+p (2n-q) +1) x"9) (axI+bx"+cX*"9)P) /
(c(m+p(2n-q) +1) (m+pq+ (n-q) (2p+1) +1))) +

(n-q)p Jx"‘*q (2aAc(m+pq+ (n-q) (2p+1) +1) -abB (m+pq+1) +

c(m+p(2n-q) +1) (m+pq+ (n-q) (2p+1) +1)
(2aBc(m+p (2n-q) +1) +Abc (m+pq+ (n-q) (2p+1) +1) -b?’B (M+pq+ (n-q) p+1)) x"9) (axq+bx"+cx2"’q)p‘1dlx

Program code:

Int[x_Am_.x (A_+B_.*X_"r_.) » (a_.*X_"q_.+b_.#x_"n_.+c_.*x_"j_.)"p_.,x_Symbol] :=
X~ (m+1) » (b*B* (N-q) *p+A*C* (M+pxq+ (N-q) * (2%p+1) +1) +BxCx (M+p*q+2* (N-q) *p+1) *X (n-q) ) * (a*x*q+bxx*n+cxx” (2xn-q) ) *p/
(c* (M+p* (2*xn-q) +1) * (M+p*q+ (N-q) * (2%p+1) +1)) +
(n-q) *p/ (C* (M+p* (2%n-q) +1) * (M+p*q+ (N-q) * (2*p+1) +1) ) *»
Int[x”(m+q) *
Simp[2xaxAxCx (M+p*q+ (N-q) * (2xp+1) +1) —axbxBx (m+pxq+1) +
(2xaxBxcx (M+p*q+2* (N-q) *p+1) +AxbxC* (m+p*q+ (n-q) * (24p+1) +1) -b"2xB* (Mm+p*q+ (n-q) *p+1) ) *x” (n-q) ,X] *
(a*x"q+b*x"n+c*x"(2*n—q))"(p—l),x] /5
FreeQ[{a,b,c,A,B},x] && EqQ[r,n-q] && EqQ[j,2#n-q] && Not[IntegerQ[p]] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && GtQ[p,0] &&
RationalQ[m,q] && GtQ[m+p*qg,-(n-q)-1] && NeQ[m+px (2xn-q) +1,0] && NeQ[m+pxq+ (n-q) » (2xp+1) +1,0]

Int[x_Am_.x (A_+B_.*X_"r_.)*(a_.*X_"q_.+C_.*X_"j_.) p_.,x_Symbol] :=
With[{n=q+r},
XM (M+1) % (Ax (M+pxq+ (N-q) * (2*p+1) +1) +Bx (M+p*q+2* (N-q) *p+1) *X* (n-q) ) * (a*X*q+C*X" (2xn-q) ) *p/
((m+p* (2xn-q) +1) * (M+p*q+ (n-q) * (2xp+1) +1)) +
(n-q) *p/ ((m+p* (2*¥n-q) +1) * (M+p*q+ (N-q) * (2*xp+1) +1) ) *
Int[x"(m+q)*Simp[z*a*A*(m+p*q+(n—q)*(z*p+1)+1)+2*a*B*(m+p*q+2*(n—q)*p+1)*x’\(n—q),x]*(a*x"q+c*x"(2*n—q))"(p—l),x] /8
EqQ[j,2+n-q]| && IGtQ[n,0] && GtQ[m+pxq,-(n-q)] & NeQ[m+p#q+2x (n-q) xp+1,0] && NeQ[m+pxq+ (n-q) * (2xp+1) +1,0] && NeQ[m+1,n]] /;
FreeQ[{a,c,A,B},x] &% Not[IntegerQ[p]] && RationalQ[m,q] && GtQ[p,0]



Rules for integrands of the form (f x)~"m (d+e x”~(n-q)) (a x~g+b x~n+c x~(2 n-q))"\p

4: Jx"‘ (A+Bx"%) (ax?+bx"+cx*"9)Pdx whenp¢z A b>-4ac#@ Anez*Ap<-1 Am+pgq<n-q-1

Derivation: Generalized trinomial recurrence 2b
Rule:lf pgz Ab?-4ac+@AnezZ Ap<-1Am+pqg<n-q-1,then

jx'" (A+Bx"‘q) (axq+bx"+cx2"‘q)Pd1x —

x"a1 (Ab?’-abB-2aAc+ (Ab-2aB) cx"9) (ax“+bx"+cx2““‘)ID+1

+

a(n-q) (p+1) (b*-4ac)
1

Jx"“q (Ab2 (m+pg+(n-q) (p+1) +1) —-abB (m+pq+1) -2aAc (m+pq+2(n-q) (p+1) +1) +
a(n-q) (p+1) (b*>-4ac)

(m+pg+ (n-q) (2p+3) +1) (Ab-2aB) cx"9) (axq+bx"+cx2"‘q)p+1dlx

Program code:

Int[x_Am_.x (A_+B_.*X_"r_.) * (a_.*X_"q_.+b_.#x_"n_.+c_.*x_"j_.)"p_.,x_Symbol] :=
-X" (m-q+1) * (Axb”"2-axb*B-2xaxAxc+ (Axb-2xa%B) *xc*X”* (n-q) ) * (a*Xx*q+b*x*n+c*x” (2xn-q) )~ (p+1) / (a* (n-q) * (p+1) = (b~2-4xaxc)) +
1/ (a* (n-q) = (p+1) » (b"2-4xaxc) ) *

Int[x* (m-q) *

Simp [Axb”2% (m+pxq+ (N-q) * (p+1) +1) —axb*Bx (M+p*xq+1) —2xaxAxCx (M+p*q+2* (n-q) * (p+1) +1) +
(m+pxq+ (n-q) * (2%p+3) +1) * (Axb-2xaxB) xc*x” (n-q) ,x] *
(a#X"q+b*x n+c*x” (2%n-q) ) ~ (p+1) ,x] /;
FreeQ[{a,b,c,A,B},x] && EqQ[r,n-q] && EqQ[j,2#n-q] && Not[IntegerQ[p]] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && LtQ[p,-1] &&
RationalQ[m,q] && m+pxq<n-q-1

Int [x_"m_. * (A_+B_.*x_"r_.) =« (a_. *X_"q_.+C
With[{n=q+r},

CAX_Mj_. ) & X_Symbol] t=

-X" (Mm-g+1) * (A*C+BxCc*X”* (nN-q) ) * (a*X*q+C*X" (2xn-q) ) * (p+1) / (2*a*C* (n-q) » (p+1)) +
1/ (2*xaxc* (n-q) * (p+1) ) *
Int[x"(m—q)*Simp[A*c*(m+p*q+2*(n—q)*(p+1)+1)+B*(m+p*q+(n—q)*(2*p+3)+1)*c*x"(n—q),x]*(a*x"q+c*x"(2*n—q))"(p+1),x] /5
EqQ[j,2#n-q] & IGtQ[n,0] && LtQ[m+pxq,n-q-1]1] /;
FreeQ[{a,c,A,B},x] && Not[IntegerQ[p]] && RationalQ[m,q] && LtQ[p,-1]



Rules for integrands of the form (f x)~"m (d+e x”~(n-q)) (a x~g+b x~n+c x~(2 n-q))"\p

5: Jx"‘ (A+Bx"9) (axI+bx"+cx*")Pdx whenp¢z A b>-4ac#@ AnezZ*'A -1<p<@ Am+pqzn-q-1Am+pq+ (n-q) (2p+1) +1+0

Derivation: Generalized trinomial recurrence 3a
Rule:lf p¢Z Ab>-4ac+@ AnNeZ*A-1<p<@Am+pg=n-q-1Am+pg+(n-q) (2p+1) +1+0,
then

jx’" (A+Bx"‘q) (axq+bx"+cx2"‘q)pdlx —

: _q\ p+1
B x™-n+1 (axq+bx"+cx2"“)ID+ 1

c(m+pq+(n-q) (2p+1) +1) c(m+pg+(n-q) (2p+1) +1) .
Jx’“'""q (aB(m+pg-n+q+1) + (bB(m+pq+ (n-q)p+1) -Ac (m+pq+ (n-q) (2p+1) +1)) x"9) (axI+bx"+cx*")Pdx

Program code:

Int[x_"m_.x (A_+B_.*X_"r_.)*(a_.#X_"q_.+b_.*X_"n_.+c_.*#X_"j_.)"p_.,x_Symbol] :=
BxXx”™ (m-n+1) * (a*X*q+b*x*n+c*x” (2xn-q) ) * (p+1) / (C* (M+p*q+ (n-q) *» (2xp+1) +1)) -
1/ (c*x (m+p*q+ (N-q) * (2*xp+1) +1) ) *
Int[x"(m-n+q) *
Simp[a*xBx (m+pxq-n+q+1) + (bxBx (m+p*q+ (N-q) *p+1) ~-AxC* (M+pxq+ (N-q) * (2xp+1) +1) ) *x” (n-q) ,X] *
(a*x"q+bx n+cxx” (2+n-q) ) *p,x] /;
FreeQ[{a,b,c,A,B},x] & & EqQ[r,n-q] && EqQ[j,Z*n—q] && Not[IntegerQ[p]] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && GeQ[p,-1] && LtQ[p,0] &&
RationalQ[m,q] && GeQ[m+pxq,n-gq-1] && NeQ[m+pxq+ (n-q) = (2xp+1) +1,0]

Int[Xx_Am_.x (A_+B_.*X_"r_.)*(a_.*X_"q_.+C_.#X_"j_.)"p_.,x_Symbol] :=
With[{n=q+r},
BxX” (m-n+1) * (a*X*q+C*X”" (2*xn-q) ) " (p+1) / (C* (Mm+p*q+ (N-q) * (2*xp+1) +1)) -
1/ (c*x (m+p*q+ (N-q) * (2*xp+1) +1) ) *
Int[x"(m-n+q) *Simp[axBx (M+p*gq-n+q+1) ~AxC* (M+pxq+ (N-q) * (2*xp+1) +1) *x"(n-q),x]*(a*x"q+c*x"(2*n—q))"p,x] /5
EqQ[j,2+n-q] && IGtQ[n,@] && GeQ[m+pxq,n-q-1] && NeQ[m+pxq+(n-q)« (2+p+1)+1,0]1] /;
FreeQ[{a,c,A,B},x] && Not[IntegerQ[p]] && RationalQ[m,p,q] && GeQ[p,-1] & LtQ[p,9]



Rules for integrands of the form (f x)~"m (d+e x”~(n-q)) (a x~g+b x~n+c x~(2 n-q))"\p

6: Jx"‘ (A+Bx" %) (ax?+bx"+cx*"%)Pdx whenp¢z A b>-4ac#@ AN€Z'A -1<p<@ Am+pgs-(n-q) Am+pq+1#80

Derivation: Generalized trinomial recurrence 3b
Rule:lf p¢Z Ab>-4ac+@ AnezZ-Am+pg=<-(n-q) A -1<p<@ Am+pg+1+0,then

jx'" (A+Bx"‘q) (axq+bx"+cx2"‘q)Pd1x —

- - 1
A x™-9+1 (axq+bx“+cx2"“)p+ 1
+

a(m+pq+1) a(m+pq+1)

Jx'“""‘q (aB(m+pq+1) -Ab (m+pq+ (n-q) (p+1) +1) ~Ac(m+pq+2(n-q) (p+1) +1) x"9) (ax?+bx"+cx>"9)Pdx

Program code:

Int[Xx_Am_.x (A_+B_.*X_"r_.) * (a_.*X_"q_.+b_.#x_"n_.+c_.*x_"j_.)"p_.,x_Symbol] :=
Axx” (Mm-q+1) * (a*xX*q+bxx*n+c*x” (2xn-q) ) * (p+1) / (a* (m+p*xq+1)) +
1/ (a*x (m+p*xq+1) ) *
Int[x”(m+n-q)
Simp[a*Bx (m+pxq+1) —~Axbx (m+pxq+ (N-q) * (p+1) +1) ~A*C* (M+p*q+2* (N-q) * (p+1) +1) *x" (n-q) ,X] *
(a#X"q+brx"n+cxx” (24n-q) ) *p,x]| /;
FreeQ[{a,b,c,A,B},x] && EqQ[r,n-q] && EqQ[j,2#n-q] & Not[IntegerQ[p]] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] &&
RationalQ[m,p,q] && (GeQ[p,-1] && LtQ[p,0] || EqQ[m+p*q+ (n-q) * (2xp+1) +1,0]) && LeQ[m+p*q,-(n-q)] && NeQ[m+pxq+1,0]

Int [x_"m_. * (A_+B_.*x_"r_.) =« (a_. *X_"q_.+C
With[{n=q+r},
AxXx™ (M-g+1) * (a*X*q+C*X" (2%¥n-q) ) * (p+1) / (a* (M+p*xq+1l)) +
1/ (ax (m+pxq+1)) *
Int[x"(m+n—q)*Simp[a*B*(m+p*q+1)—A*c*(m+p*q+2*(n—q)*(p+1)+1)*x’\(n—q),x]*(a*x"q+c*x"(2*n—q))"p,x] /5
EqQ[j,2#n-q] && IGtQ[n,0] && (GeQ[p,-1] && LtQ[p,@] || EqQ[m+p*q+(n-q)*(2+p+1)+1,0]) & LeQ[m+p*q,-(n-q)] && NeQ[m+pxq+1,0]] /;
FreeQ[{a,c,A,B},x] && Not[IntegerQ[p]] && RationalQ[m,p,q]

CAX_Mj_. ) o x_Symbol] =



Rules for integrands of the form (f x)~"m (d+e x”~(n-q)) (a x~g+b x~n+c x~(2 n-q))"\p

x™ (A+ Bx“‘q)
3: J- dx whenq<n
Vaxd+bx"+cx2rd

Derivation: Piecewise constant extraction

. q/2 b x"-94c )(2 (n-q)
Basis: Oy * Va: £ -
vJaxd+b x"+c x2n-a

Rule: If g < n, then

dx — dx

YVaxd+bx"+cx2d Vaxd+bx"+cx2rd

J‘ x" (A+Bx") X324 a3+ b x"9 4 ¢ x2 (-9 J- X"9/2 (A + Bx"9)

Va+bx"94cx? (M

Program code:
Int[x_*m_.+ (A_+B_.*X_"j_.)/Sqrt[a_.*x_~q_.+b_.#X_"n_.+C_.*x_"r_.],x_Symbol] :=
X~ (q/2) *Sqrt[a+b*xx” (n-q) +c*x” (2% (n-q) ) ] /Sqrt [a*xx*q+b*xX n+CxX” (2%n-q) ] *
Int [x* (m-q/2) * (A+Bxx” (n-q) ) /Sqrt[a+bxx” (n-q) +c*x” (2* (n-q) ) 1,x] /;
FreeQ[{a,b,c,A,B,m,n,q},x] & EqQ[j,n-q] && EqQ[r,2xn-q] && PosQ[n-q] &&
(EqQ[m,1/2] || EqQ[m,-1/2]) && EqQ[n,3] && EqQ[q,1]

X. Jx“‘ (A+Bx"9) (ax¥+bx"+cx?29)Pdx Whenp+§eZ

x: jx’" (A+Bx"9) (axd+bx"+cx*"9)Pdx whenp+%ez*

Derivation: Piecewise constant extraction

. q n 2n-q
Basis: Oy Vaxd+bx+c x -9
x9/2 \/a+b x"-9+¢ x2 (-9)

Rule: If p + 3 € z*, then



Rules for integrands of the form (f x)~"m (d+e x”~(n-q)) (a x~g+b x~n+c x~(2 n-q))"\p

Vax®+bx"+cx2nd

Jx'" (A+Bx"9) (axI+bx"+cx*"9)Pdx — jx’"*qp (A+Bx"9) (@a+bx"%+cx>™D)Pax

X324/ 3 4+ b x"9 4 ¢ x2 ("-9)

Program code:

(% Int[x_"m_.# (A_+B_.#X_"J_.)* (a_.#X_"q_.+b_.*X_"N_.+C_.*X_"r_.) " p_,x_Symbol] :=
Sgrt[axx*q+bxx*n+cxx” (2xn-q) ]/ (X (q/2) *Sqrt[a+bxx” (n-q) +c*X” (2% (n-q) ) ]) *
Int [X* (m+qxp) * (A+BxX" (n-q) ) * (a+b*x” (n-q) +c*x” (2% (n-q) ) ) *p,Xx] /;
FreeQ[{a,b,c,A,B,m,n,p,q},x] & EqQ[j,n-q] && EqQ[r,2+n-q] && IGtQ[p+1/2,0] && PosQ[n-q] )

X: jx’" (A+Bx"9) (ax9+bx"+cx?"9)Pdx whenp—%eZ‘

Derivation: Piecewise constant extraction

e X972 v/ a+b x"9+c x% (19
Basis: Oy -0
a x%+b x"+c x2"-d

Rule:If p- 2 € 27, then

X924/ 3 + b x"9 4 ¢ x2 ("-9)

Jx'" (A+Bx"9) (axI+bx"+c x? "9)Pdx — fx"‘"qp (A+Bx"9) (a+bx"9+c x? ("-9) P dx

Vax®+bx"+cx2nd

Program code:

(* Int [x_"m_.* (A_+B_.*x_"j_. ) *(a_.*X_"q_.+b_.*¥x_"n_.+c_.*x_"r_.) "p_,x_Symbol] 2=
X~ (q/2) *Sqrt[a+b*xx” (n-q) +c*x" (2% (n-q) ) ] /Sqrt [axx*q+b*X n+C*X”* (24¥n-q) ] *
Int[x" (m+q*p) * (A+BxXx” (n-q) ) * (a+b*Xx” (n-q) +c*x” (2% (n-q) ) ) “p,x] /;
FreeQ[{a,b,c,A,B,m,n,p,q},x] & EqQ[j,n-q] && EqQ[r,2+n-q] && ILtQ[p-1/2,0] && PosQ[n-q] x)

4: Jx'" (A+Bx*3) (axI +bx*+cx**I)Pdx whenp ¢z

Derivation: Piecewise constant extraction



Rules for integrands of the form (f x)~"m (d+e x”~(n-q)) (a x~g+b x~n+c x~(2 n-q))"\p

. <a Xj+ka+C X2k7j>p
Basis: Ox XI? (arbxkJrcad 3P

Rule: If p ¢ Z, then

(ax3 +bx*+cx?k3)P

Jx’" (A+Bx*3) (axI +bx*+ cx?*3)Pax — Jx"ﬂjp (A+Bx<T) (a+bxT4cx?®D)Pax

xIP (a+bxkT 4+ cx?D)P

Program code:

Int[x_"m_.x (A_+B_.#x_"q_)* (a_.*X_"j_.+b_.#x_"k_.+C_.*x_"n_.)"p_,x_Symbol] :=
(a*x"j+b*x"k+c*x"n) "p/ (x" (j*p) * (a+b*x" (k—j) +CxXA (2* (k—j) ) ) "p) *
Int[x” (m+j*p) * (A+Bxx” (k-3) ) # (a+bwx” (k-3) +cxx” (2% (k-3) ) ) *p,x] /3
FreeQ[{a,b,c,A,B,j,k,m,p},x] && EqQ[q,k-j] & EqQ[n,2xk-j] && Not[IntegerQ[p]] && PosQ[k-j]

S: Ju'“ (A+Bu™9) (auq+bu"+cu2"‘q)”dlx when u==d + e x

Derivation: Integration by substitution
Rule: If u == d + e x, then

1
Ju’" (A+Bu™9) (aut+bu"+cu?™ ) Pdax — —Subst[Jx"1 (A+Bx"9) (ax?+bx"+cx*")Pax, x, u]
e

Program code:

Int[u_"m_.x (A_+B_.%u_"j_.)*(a_.#u_"q_.+b_.*u_"n_.+c_.*u_"r_.)"p_.,x_Symbol] :=
1/Coe-F-Fic:i.ent [u,x,1] *Subst [Int [ X mx (A+B*X”" (n-q) ) * (a*X*q+b*X*n+cxXx”" (2xn-q) ) *p,Xx],X,u] /;
FreeQ[{a,b,c,A,B,m,n,p,q},x] && EqQ[j,n-q] && EqQ[r,2#n-q] && LinearQ[u,x] && NeQ[u,X]
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